Buck, boost, and buck-boost converters constitute large class of dc-dc converters used in practice and are interesting nonlinear dynamical systems. It has been shown earlier that various nonlinear phenomena including subharmonics and chaos can be observed in these converters. In this paper we show that with the simplifying assumption that voltage regulation is achieved in high frequency modulation, a very simple dimensionless model can be derived that explains the dynamic phenomena in both continuous conduction mode as well as the discontinuous conduction mode. Using this model, we analyze some peculiar aspects of the dynamics in discontinuous conduction mode like the occurrence of superstable orbits.
Introduction
DC-DC converters are typical power electronic circuits in which the dynamics can be described by piecewise linear equations connected by a switching logic -which makes them a kind of switched dynamical system. Various switching logics are available and most popular among them are the voltage mode control (VMC) and the current mode control (CMC). CMC is generally used in boost and buck-boost converters for achieving faster transient response [1] because of the elimination of right-half plane zero. The CMC is also used in paralleled power converters having current sharing function for lower voltages with higher current capabilities [2] - [4] . On the other hand, a large number of studies have been reported which show that the CMC plays an important role to cause a variety of nonlinear phenomena including subharmonic oscillations and chaos [5] - [9] . Analysis of these phenomena is important from both fundamental and practical viewpoints. But the models developed are often complex, and have a large number of parameters that make the study of the phenomena rather involved. One of the purposes of this paper is to develop a very simple model in which almost all the dynamical phenomena can be understood. Analysis of such a model may be a trigger to fuse nonlinear dynamics theory and power electronics.
For studying nonlinear phenomena, it is convenient to obtain the system description in discrete time [10] - [12] . Deane [13] first obtained the discrete-time model of a boost converter with CMC by observing the system state at every switch-off instant. Later the stroboscopic mapping became more popular, in which one observes the state discretely at every clock instant. Banerjee et al. [14] obtained the accurate stroboscopic map for boost converter, and showed that even when parasitic resistances of the inductor and capacitor are considered, the map can still be derived in closed form.
The resulting model, however, was very complicated. On the other hand, Marrero et al. [15] obtained a simple onedimensional (1D) stroboscopic map and applied the map in studying the average values of the current and voltage when the system behavior becomes chaotic. All the above studies, however, are applicable only to converters operating in continuous conduction mode (CCM). On the other hand, there have also been studies that refer exclusively to the discontinuous conduction mode (DCM). Tse [16] obtained the discrete-time map of the boost converter under the assumption that the current through the inductor becomes zero at the end of every clock period. A review of both the approaches can be found in [17] . It is thus clear that earlier studies on the nonlinear dynamics of power converters have either concentrated on the CCM operation or on the DCM operation. However, when an engineer looks at the dynamics of a converter, he/she has to consider both possibilities since a converter can move from one mode of operation to another with the change of the parameters. So far only one study has been reported [18] which studied the specific nature of the bifurcations occurring due to transition from CCM to DCM and vice versa, and showed that these are a special class of border collision bifurcations. In this paper we analyze dynamics of dc-dc converters through a model that covers both CCM and DCM. In order to avoid the model becoming too complex, we make the simplifying assumption that voltage regulation is achieved in high frequency modulation, so that the much slower dynamics of the outer voltage loop can be ignored, and the output side can be represented by a constant voltage source [4] , [5] , [11] . Under this assumption we derive a very simple model that describes three (boost, buck and buck-boost) dcdc converters operating in both CCM and DCM. The model has piecewise constant (PWC) vector field and piecewise linear (PWL) solutions [11] , [19] . We then transform the PWC model into dimensionless form having only two parameters and derive 1D stroboscopic map. The map is PWL and enables us to investigate dynamics precisely. As the parameters vary, the shape of the map changes and various phenomena can be observed. Especially, in the DCM, the map has one flat (zero-slope) segment that can cause various kinds of superstable periodic orbits (SSPOs). Finally, using the exact model of the system [20] , we illustrate the practical significance of the SSPOs in DCM.
Note that simplification for the PWC model is applied effectively to analyze power converters in many earlier studies which, however, restricted their attention to the CCM operation. Also, our 1D map is similar to a map having rich SSPOs studied in mathematics [21] , however, the analysis of such phenomena is rare in power electronics. when t = nT . If the operation of the converter includes State 3, it is said to be in DCM, otherwise it is said to be operating in CCM. As stated earlier, we make the simplifying assumption that T RC and voltage regulation is achieved. In this case we can replace the RC with the constant voltage source V 2 as shown in Fig. 1(a) . Thus the differential equations during the three states become
Piecewise Constant Models of Basic DC-DC Converters
where 0 < V 1 < V 2 and all the circuit elements are assumed to be ideal. This is the PWC model having PWL solutions. We now introduce the dimensionless variables and parameters
through which (1) is transformed into In a similar manner we can derive the PWC models of buck † and buck-boost converters shown in Figs. 1(b) and (c), respectively. The switching rules of these models are the same as those of the boost converter, and they yield the same PWC model (3) if we define the variables as a = 
The Piecewise Linear Stroboscopic Map
We now derive the sampled data model of the system as observed at every clock instant, where the state x at the (n + 1)-th clock instant is expressed as a function of that at the n-th instant, in the form x n+1 = f (x n ). Because of the normalization, x n ≡ x(n) always falls within the interval [0, 1]. Depending on the value of x at the n-th clock instant, there † Buck converters with CMC are rare from practical viewpoint, but has some importance from a dynamical systems perspective. We include its model here for the sake of completeness. 
Fig. 4
The graph of the map given by (4) . Note the critical points: at
can be three types of trajectories till τ = n + 1, as shown in Fig. 3 . The three types are: Type 1: x increases without reaching the threshold x = 1; Type 2: x reaches 1 and decreases; but does not reach x = 0; Type 3: x reaches 1, decreases, and reaches x = 0. If these three types exist, the 1D stroboscopic map consists of three segments corresponding to the three types of trajectories ( Fig. 4) :
where p = b a and x f = a−ab+b a+b . Here the first, second and third segments with slope 1, −p and zero correspond to trajectories Type 1, Type 2 and Type 3, respectively. Type 1 is separated from Type 2 by the borderline condition where x reaches the value of 1 exactly at τ = n+1, given by x n = x b1 . Type 2 is separated from Type 3 by the borderline condition where x reaches zero exactly at τ = n + 1, given by x n = x b2 . Based on x b1 , x b2 we define 3 critical points x b3 to x b5 in Fig. 4 that are used in Sect. 4. The five key points are given by 
Analysis of System Behavior Using the 1D Stroboscopic Map
The fixed point of the map that satisfies the condition x n+1 = x n is x f , given by the intersection with the 45 Fig. 4 ). This fixed point is stable so long as p < 1. In terms of the system parameters, this condition says that the boost converter loses stability when (V 2 −V 1 )/V 1 = 1, the buck converter loses stability when V 2 /(V 1 −V 2 ) = 1, and the buck-boost converter loses stability when V 2 /V 1 = 1. These facts have been known to power electronics engineers from energy balance calculations. The 1D map offers a much simpler explanation of the instability. In general a compensation ramp is used to avoid this instability. It can easily be shown that the slope of the compensating ramp reduces the value of p, and thus stabilizes the system. The 1D map also gives us the limits of specific types of system behavior. For example, if a > 1 the Type 1 trajectory shown in Fig. 3(a) cannot occur. If a < 1 and x b2 > 1, the Type 3 trajectory shown in Fig. 3(c) cannot occur, and the converter operates in CCM. In a similar way we can define five regions in the a − b parameter space where specific segments of the map can or cannot occur.
• Region D a ≡ {(a, b)| a > 1 > b}, where only trajectories of Type-2 shown in Fig. 3(b) can occur.
eration is not possible, and trajectories of Type-1 and Type-2 are possible.
where all the trajectories shown in Fig. 3 are possible. The typical stroboscopic maps in these four regions, and typical orbits are shown in Fig. 5 . Note that the pure DCM behavior, where the current reaches zero at the end of each clock period, is possible. This condition is satisfied for
Since in our PWC model we have ignored the fluctuation in the output voltage, the dynamics with variable output voltage cannot be investigated using the PWC model. For such a dynamics one has to use the model developed in [16] . The five regions in the parameter space are shown in Fig. 6 . Now we explore the dynamics in each region, for which we will need the following definitions. For a map of the form
a point x p is said to be a periodic point with period k if
} is said to be a periodic orbit with period k. The periodic orbit is said to be
is the slope of f k at x p . This slope is the product of the slopes of the function f at the k points of the period-k orbit. A stable periodic orbit in discrete-time corresponds to a stable periodic waveform in continuous-time. If D f k (x p ) = 0, the orbit is said to be superstable. A superstable periodic orbit with period k will be abbreviated as k-SSPO. 
Dynamics in the Region D a
If the system parameters are chosen to fall in this region, there is only one segment in the map, with a slope −p ≡ b/a. Since a > 1 > b, the slope is less than unity, and so the fixed point must be stable (a typical orbit is shown in Fig. 5(a) ). This implies that this is the region where the regular periodic CCM operation is possible.
Dynamics in the Region D b
If the system parameters fall in this region, there are two segments in the map -one with slope unity, and the other with slope −p. So long as p < 1, the system is stable. At p = 1 it loses stability and a period-doubling occurs. Since the segment of the map is linear, the period-2 orbit cannot be stable, and one of the two points crosses the border between the regions. Therefore for the same parameter value, the period doubling is followed by a border collision.
For p > 1, all periodic orbits must be unstable. The reason is the following. Suppose there is a periodic orbit with m points in [0, x b1 ] and n points in [x b1 , 1]. Then its stability will be given by the product of derivatives 1 m p n . Since the derivative in one segment is unity and that in the other segment is greater than unity, no periodic orbit can be stable. Moreover, since all initial conditions in [0, x b1 ] move to the right and all initial conditions in [x b1 , 1] eventually move to the left, orbits cannot diverge to infinity. Therefore there must be a bounded aperiodic orbit, as shown in Fig. 5(b) . In other words, chaos must occur. In the bifurcation diagram in Fig. 7 , the parameter range b ∈ [0, 1] falls in region D b . We find that the orbit abruptly changes to chaos at b = a = 0.58 (p = 1) Thus the map (4) predicts the transition from a periodic orbit to a chaotic orbit as the parameter p is increased through 1.
Dynamics in the Region D c
In this region, all the three types of evolution between consecutive clock instants are possible, and hence there are three segments in the map. Since in this region b > a, the value of p is greater than unity. Therefore the fixed point x f cannot be stable. At p = 1 a period-doubling occurs as shown in the last subsection for D b . Following the period doubling, the behavior becomes different from that in Region D b , because one point of the period-2 orbit falls in the segment with slope zero. Any periodic orbit with at least one point falling in the segment with slope zero will be superstable. For example, Fig. 5(c) shows the 6-SSPO. As p is further increased (or a is further decreased), different periodic orbits appear, and all are superstable. This gives the bifurcation diagram a peculiar appearance. In the bifurcation diagram in Fig. 7 , the parameter range b ∈ [1, 2] falls in region D c , and we observe a succession of high-period SSPOs. The bifurcation diagram with a as a bifurcation parameter (with b fixed at 1.1) is shown in Fig. 8 . Note that the system is not chaotic in the regions showing a smudge of dots. High-period SSPOs occur in these parameter ranges.
The parameter regions of occurrence of basic SSPOs are obtained analytically by following the forward iterates of x 0 = 0. For example, the map exhibits simple 2-SSPO as shown in Fig. 9 (a) in the region
Hereafter we consider the range 1/2 < a < 1 first and generalize it afterward. In order to consider SSPOs for 1/2 < a < x b2 , we define the partial composite map [10] as shown in Figs. 10 and 11: 
f (x) for x b2 ≤ x n < 1
where x b1 to x b5 are given by Eq. (5). We also define two key points x l and x r (Fig. 10): g(x l ) = g(x r ) = x b2 , x l ∈ (x f , x b5 ) and x r ∈ (x b5 , x b2 ). They are given by
For x f < a < x b2 , we consider the condition as shown in Fig. 10 :
where n ≥ 1. Noting g n (a) ∈ (x b2 , 1), this inequality guarantees f (g n ( f (0))) = f 2n+2 (0) = 0: the map has (2n + 2)-SSPO Fig. 10 Partial composite map for analysis of basic SSPOs (x f < a < x b2 ).
Fig. 11
Partial composite map for analysis of basic SSPOs (1 − a < a < x f ).
as shown in Fig. 9(b) and Fig. 5(c) . Since g is monotone for x b3 < x < x b5 , Condition (9) is guaranteed by
This gives the region of occurrence of (2n + 2)-SSPO for n ≥ 1. The case n = 0 is given by Condition (6). For 1 − a < a < x f (1/2 < a < x f ), we consider the condition as shown in Fig. 11 :
where n ≥ 0. In this case g(g n ( f (0))) = f 2n+3 (0) = 0 is satisfied hence the map has (2n + 3)-SSPO as shown in Fig. 9(c) . Condition (11) is guaranteed by
This gives the region of occurrence of (2n + 3)-SSPO. S 1n and Q 1n for lower periodicity are illustrated in Fig. 12(A) . Special attention should be paid to the point (h) in This point refers to a peculiar situation where the fixed point x f is unstable (the slope of the function at that point is greater than unity) but all the points in the slope-zero segment are attracted to x f ( f (x n ) = 0 for x b2 < x n ≤ 1 and f (0) = x f ) as suggested in Fig. 9(h) . The point is therefore unstable in a local sense, but superstable in a global sense. Such a situation occurs on the special curve marked as (h) in Fig. 12(A) . The curve is given by
We then consider the generalized case 1/(m + 1) < a < 1/m where m is a positive integer. In this case f (0) = a < · · · < f m (0) = am < 1 is satisfied and the discussions for 1/2 < a < 1 can be generalized by replacing a with ma, e.g., (9) can be generalized as
where x f < ma < x b2 and n ≥ 1. This inequality guarantees
The region of occurrence of this (2n + m + 1)-SSPO is given by
The case n = 0 is given by
Repeating in this manner for 1 − a < ma < x f , we obtain the region of occurrence of (2n + m + 2)-SSPO:
S mn and Q mn are accumulating to the following special curve given from Condition (13):
It is possible in principle but cumbersome to obtain the regions of occurrence of all SSPOs: complete analysis of the SSPOs is very hard. These are obtained through simulation and are presented in Fig. 12 (B). It shows a rich variety of SSPOs which are possible in the dc-dc converters operating in DCM.
Dynamics in the Region D d
In this case there are two segments of the map: one with slope −p, and the other with slope zero. So long as p < 1, the period-1 orbit is stable. For p > 1, a period-2 orbit occurs. Since one of the points of the period-2 orbit falls in the segment with slope zero, this orbit must be superstable. Since f (0) > x b2 high period SSPOs cannot occur in this region.
Dynamics in the Region D e
As stated earlier, pure DCM behavior occurs in this case: x reaches zero at the end of each clock period τ = n. The 1D map is f (x) = 0 for x ∈ [0, 1].
The Actual System Behavior
The above conclusions were derived from the PWC model where T CR is assumed. It is therefore necessary to assess how these results compare with the actual system behavior -when this assumption is not made and the output voltage is allowed to vary. Figure 13 shows two representative bifurcation diagrams of the boost converter and the buck-boost converter. These are based on simulation of the accurate system models, in which the load resistance was varied in Fig. 13(a) , and the input voltage was varied in Fig. 13(b) . The parameter values and other details are given in the caption. Even though actual system parameters (the load resistance R in Fig. 13(a) and the input voltage V in in Fig. 13(b) ) have been varied to obtain the bifurcation diagrams, they have been shown against the nondimensional parameters a and b to facilitate comparison with Fig. 7 and Fig. 8 . In Fig. 13(a) for each value of R, the mean output voltage has been calculated from the equation [22] 
and the nondimensional parameter is calculated as
Since b increases linearly with the increase in V 2 which in turn increases with R, Fig. 13 (a) corresponds to Fig. 7 . In case of the buck-boost converter in Fig. 13(b) , the nondimensional parameter a is calculated from the bifurcation parameter V in using the expression
Since V in is proportional to a, it represents the case depicted in Fig. 8 . The first aspect in which an actual system behavior differs from that derived from the model is that in the region D b the period doubling (marked as A) and the border collision (marked as B) do not occur for the same parameter value. Thus there is a range of parameters where the period-2 orbit is stable. Apart from this aspect, the prediction of the simplified model regarding transition from periodicity to chaos is accurate in the parameter range from R = 30 Ω to R ≈ 120 Ω. Chan et al. [9] have shown that when a secondary bifurcation parameter given by T/(RC) is high, there can be a period doubling cascade extending to some value of the parameter, and hence the bifurcation behavior may deviate significantly from that predicted by the piecewise linear model. However, for the parameter values used in practice, the parameter T/(RC) is low, and hence the PWL model gives a reasonably accurate prediction.
It can also be seen that after the system enters DCM, i.e., where the sampled inductor current touches zero value, the system shows high-periodic behavior. If it enters DCM while in chaotic mode (Figs. 13(a) ), it soon comes out of chaos. Calculation of the Lyapunov exponent shows that the chaoticity † sharply drops after the system enters DCM. In the parameter range 120 Ω to 150 Ω, the system is still chaotic. Since the actual system is two-dimensional, the orbits under DCM will no longer be superstable. But one can see the shadows of the SSPOs emerging, in the form of a high density of points in the neighborhood of unstable periodic orbits. In this range of parameters there is intermittent periodic behavior within chaos. Following the exit from chaos at around R ≈ 150 Ω, all orbits are periodic. Figure 13 (b) shows the bifurcation diagram of a buckboost converter within the region D c . The cobweb-like structure and accumulation of periodic orbits at a point can be clearly seen. This behavior exhibited by actual dc-dc converters operating in DCM can be suitably explained by the 1D stroboscopic map introduced in this paper.
Conclusions
In this paper we have derived a very simple 1D stroboscopic map which, in essence, captures the dynamics of dc-dc converters covering the entire parameter range including CCM and DCM operation. In this discrete model there are only two dimensionless parameters. The two-dimensional parameter space is shown to be divided into five regions representing five basic types of system dynamics.
The commonly used period-1 CCM behavior falls un- † "Chaoticity" refers to the rate of divergence of nearby orbits, as quantified by the Lyapunov exponent.
der region D a . With the variation of a parameter, the system may enter the region D b where there are some clock periods in which the switch remains on. Subharmonics and chaos are possible in this region. In the region D c , there are clock periods with the current remaining in CCM as well as those in which the inductor current falls to zero. In region D d there are both CCM as well as DCM cycles, and only period-1 and period-2 orbits are possible. In the region D e the inductor current reaches zero in every clock cycle (pure DCM operation). We have obtained conditions on the two parameters for which above types of dynamics occur in the converters.
One remarkable aspect of the dynamics of power converters is that in the region D c , very complicated dynamics involving superstable periodic orbits occur. We have shown that the model developed in this paper enables one to analyze this phenomenon. We have obtained the conditions of occurrence of the basic SSPOs and their accumulation points.
Finally, we have compared the bifurcation phenomena predicted by the simple piecewise linear map with those of actual system models of the boost converter and the buckboost converter. It shows that the 1D stroboscopic map can be effectively used to explain all the dynamical phenomena in such converters. It can also be used to obtain -though somewhat approximately -the parameter conditions under which specific instabilities occur in the actual system. 
